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Goal

Incorporate probabilistic bound and monotonicity constraints in Gaussian
processes and linear inverse problems, maintaining the posterior distri-
bution as Gaussian. This 1s 1n contrast to alternative methodologies that
utilize nonlinear transtormations or truncated Gaussian distributions.

Gaussian Process Regressions (GPR)

Forward model: y = Fu+n, F : u — (u(x'V), ..., u(x")).
Observation pairs: (X, y) = (x@, y)™".

Noise/errors: n ~ N(0,T;) = N(0, o2I).

Given prior GP upior ~ N (up, K), the posterior GP used for prediction is:

Upost ™~ N (ugfzost, 7(post)a where
® pOSt(xa x’) — 7(()(:, x’) o 7(()69 X)(W(Xa X) + rn)_lq((Xa x,)°
o ut (X)) = up(x) + K(x, X)(K(X, X) + )" (y = Fup).

Radial basis functions as the kernel:
2
W(X, xl) — 0_2 exp (—”X—x ||2) .

202
The covariance of y 1s thus

7112
K : =KX X)+TI, =c?exp (_”x_x ”2) + o2l

202
GPR: Find optimal parameters of by minimizing an objective J (6):

min  J(0) := —log p(yl0).

o0 :=({,0,0y): kernel parameters.

e p(y10) = 1 ((y — uo(X)NTK~ (3 — up(X)) + log |K| + nop log(2)):
marginal likelihood of 6.

Example: GPR for Positive Functions

Using GPR to fit a positive function with a few observations.

D BN P _ 1y _
F(X) = 1iger - 2exp( 100 (x - 1) ) xeD=[0,1].

true model

GPR (figure on the right) 1s not Lo0] &0
satisfactory since most samples are 075]

—— mean
“““ 90% CI

samples

not pOSitiVe. 0501 Vi data
o o S \\ ‘\

Existing approaches to enforce = o2{ A\ -

bound constraints: 0.00- N/

—0.25 1

e Truncated Gaussian distributions:
—0.501_ , , . . .
TN@m,2) oc 1 yN(m, 2). 00 02 04 06 08 10

X

e Warping: use GPR for z = @ !(y) (O : R — [a, b]), and use D(Upost) as
the surrogate model.

Both give non-Gaussian posteriors.
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Joint Chance Constraints

Bound constraints can be incorporated into GPR in the form of joint
chance constraints:

o) =P (g(x) < Upost(x; 0) < u(x) fora.a. x € ZD) > D.

Unlike other approaches, this keeps everything Gaussian.

Spherical-radial Decomposition (SRD)

General chance constraints: ¢(6) = P(g(0,¢) < 0) > p, where g 1s a
scalar function corresponding to the joint constraint, and £ 1s the (known)
uncertainty.

Simple Monte Carlo approach for estimating ¢(6):

p(0) ~ gn(0) =+ 2 Liga.z)<01

which cannot give Vo(6).
SRD for é ~ N(m,X), X = LLT, L € R™*:
E=m+ 1lv,
T~ Xk Chi distribution with parameter £,
y ~ US ), uniform distribution on S*!.

Using SRD to evaluate ¢(6):

w0)= [ ol 2 0 @ m+ LDy (),

Approximation:
if {z € R" : g(0,z) < 0} 1s convex, and
g(6,m) < 0, then

p(0) ~ gn(0) =~ 2k, Fy, (006, ).

®p(0,v) := sup,.q1g(0,m + rLv) < O}
o, ({r>0:g0,m+rLv)}) =F,(p(0,v)).

Derivative:

~ 1 N f (p(eavi))
VSDN(Q) = N Zi:l (Vzg(H,nf—ip(H,vi)Lvi),Lvl-)Vgg(g’ m + p(@, Vi)Lvi)-

Low-rank Approximation for SRD

If £ is the discretization of a GP with L € R™", n is large but the spectrum
of ¥ = LL" decays fast, making low-rank approximation possible:

y=LL' ~L, L' =3,

Thus use uniform samples from S*! instead of S"~!, accelerating the
computation and making it disretization-invariant.

Gaussian Process Regression Subject to Chance Constraints

GPR with Chance Constraints

Using chance constrained GPR to fit the same function as the uncon-
strained case, and incorporate the chance constraint P(u,o > 1 a.€.) > p
with p = 0.95 and different lower bound u.

u = —0.2 u = —0.05
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Mean Correction for Inverse Problems

A similar approach works for general Bayesian inverse problems by cor-
recting the posterior mean:

—m

. | |
Upost = g §||Fl/t - y||%n T j”u — uO”%{a

ucH
s.t. @(Upost) = Pupost(x) = u(x) for a.a. x) > p.

This 1s equivalent to minimizing Lu—=u |2 ., and the corrected poste-
2 pOSt 1—‘post

post?

Example using the same f, with u = —0.05 and p = 0.7:
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