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Estimating Probabilistic Functions for Optimization

Consider stochastic optimization with chance constraint:

min S (u) s.t. o) > p,

ucl 4
o p(u) := P(g(u, &) < 0) 1s a probabilistic function, with & an elliptical
random variable taking values in a (inf-dim) Hilbert space H.

oo : U,y XH — Risconvex in €.

We want to find an estimator of ¢(u) that 1s differentiable, unbiased, and
of low variance.

Existing Methods

Simple Monte Carlo (MC): ¢(u) = @on(u) := %Zf\; 1 Lio(u.z)<0)-
Unbiased, but high variance and not differentiable.

Spherical-radial decomposition (SRD): By KL expansion
E=E+ Y0 &bk, € = E[€], & scalar random variables,
we truncate & to the first K KL modes: & =~ &g = € + Z,Ilefkgbk.

SRD for Gaussian: &g = € + TLgvk.

°T ~ xk, Vg ~ US*).
oy :x Z,lexk¢k, r € RK

Estimator (p; := sup,.q {g(u, & + rLgv;) < 0}):
() = @y () = § T F e (01

Derivative:

N
Vo) = - 3 Lul
NS <Vzg(u,§ + piLk i), Lxv;

>Vug(u, g T piLK'Ui)-

There 1s a trade-off between truncation bias (large for small K) and vari-
ance (converges to the variance MC at O(1/ VK ) for large K).
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Left: root mean squared error (RMSE) versus truncation dimension K, for standard
Monte Carlo (gray horizontal line), finite-dimensional SRD (dashed) and HISRD (solid,
our method). Right: the individual components Vsgp and V., contributing to the
variance of HISRD.

Infinite-dimensional spherical-radial decomposition for probabilistic functions
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Hybrid Infinite-Dimensional SRD (H1ISRD)

Space decomposition: H = Hx & Hi, Hx =
span{¢; : k < K}, Hg := span{¢; : k> K + 1}. £ is
correspondingly decomposed as

§:g+§K+§R :g-l-TLKI/K-l-fR.
HISRD: perform SRD on ék, and keep standard MC
integration for the remainder &g:

p(u) = j;{ f - e(u, v, 2)dpq(v)dpg,(2)
~ & i e(u, v, z) =1 ga(u),

e(U,v,27) := Uy, ({r >0: g, &+ 7+ rLgv) < O});
{v}Y, and {z;};, are independently sampled from
USE) and &

Differentiability: ¢y (u) 1s differentiable under mild assumptions, and the
form of V@oun(u) 1s generalized from Vg’bg\l,()(u).

Variance decomposition

Var(@n(u)) = +Vary g(e(u, v, €r)) = +(Vsrp + Viem)-

® Vsrp = Eg [ Var,(e(u, v, &r)|ER)] 18 the the expected conditional
variance of the SRD estimator.

® Viem := Varg (Eyle(u, v, Er)IEr]) captures the variance of sampling the
remainder.

Entry/Exit Ray Evaluation

Assumption: g(u, &) = max -1y gi(u, &), each g; affine 1n &.
Unlike standard SRD, the shifted means & + z; may be outside of the
feasible set. We define a variant of entry and exit ray distances for this

geometry:

A = max ey, inf{r > 0 : g;(u, & + z; + rLgv;) < O},

,5(()’3“ = min ey, sup{r > 0 : g;(u, & + z; + rLgv;) < 0}.
Partition of the index set:

J; = {jE{l,...,M}:gj(u,.gt:+z,-)<0},
Jo:={je{l,....,M}: giu,&+z) >0}

Evaluation: @on(u) = %Zf\i { [max{O, F XK(ﬁ(i) )—F XK(,E)'i(;))}] .

out

Three different intersection scenarios: a ray
entering and exiting the feasible set from the
outside, with 0 < pip < Pout (i = 1), a ray
originating inside the feasible set, with 0 =
Oin < Pout (I = 2), and a ray that completely
misses the feasible set, 1llustrating the case
in which Pyt < pin (i = 3).
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https://arxiv.org/abs/2603.19907

Optimal Control under Uncertainty

Setup: u deterministic control, y(¢) random state variable, & a Gaussian
random field as Neumann boundary data on 09, = {0} X [0, 1] C 0D.
Objective: Minimize a tracking objective (with target state y; and regu-
larization @) subject to the elliptic PDE —Ay = f + u, x € D = (0, 1)*:

T ) := 3 Be| [(00(u) = ya)* dx| + 5 [, u’ dx.

Constraint: A joint chance constraint ensuring the state stays below a
threshold y almost everywhere, with 90% probability:

P(y(x;u) <y fora.a. x € D) > 0.9.

Optimal control solution for p = 0.9 and chance constraints with y = 0.3. Left: samples
from the state variable y. Right: optimal control u. Source: [2].

Gaussian Process Regression (GPR)

Setup: Observations (X, y), optimize hyperparameters u = (I, o, 0y):

7112
K,(x,x') =0 exp( ”2) | 0'7%5)6,)6/.

—|lx—x
212

Objective: Minimize the negative marginal log-likelihood

J(u) := —log p(ylu) = 5((y — &) K, (y — &) + log|K,| + N log(2n)).
Constraint: A joint chance constraint ensuring the posterior predictive

process &Epost ~ N (Mpost, Kpost) Stays above § with 95% probability:
P(&post(x; u) > § Vx) > 0.95.
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Left: £ = -0.2. Right: £ = -0.05.
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